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Pseudopotentials, Lax equations and Backlund transformations
for non-linear evolution equations
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Abstract. It is shown how to generate both Lax equations and Bécklund transformations
for non-linear evolution equations using the concept of pseudopotentials associated with
the properties of the Riccati equation. Several examples are given: modified Korteweg-de
Vries, Harry Dym, Kaup-Kupershmidt and Sawada-Kotera equations.

1. Introduction

Innumerable papers are dedicated to the study of non-linear evolution equations and
to the various techniques for solving them. Kaup (1980a) pointed out the importance
of the pseudopotentials introduced by Wahlquist and Estabrook (1975). Hermann
(1976) interpreted the prolongation structure as a connection; his equation (5) can be
viewed as an assumption of Riccati equations for the pseudopotential of the Korteweg-
de Vries equation. Crampin (1978) deduced the Lax equations and the Bécklund
transformations from the fact that the SL(2, R) connection associated with the soliton
equation has zero curvature. Omote (1986) applied the correlated prolongation struc-
ture technique to the sine-Gordon equation, the Ernst equation and the chiral model;
he obtained, generating both finite-dimensional and infinite-dimensional Lie algebras
for the commutators, Backlund transformations and Lax equations respectively. In
this paper, it will be shown by several examples that, using the direct approach (Corones
and Testa 1976) one can obtain both the Lax equations and the Bicklund transforma-
tions by requiring that the equations satisfied by the pseudopotentials be of a Riccati
type. By means of the usual linearising transformation, one then obtains the Lax
equations. Alternatively, by imposing that the M&bius group be an invariant transforma-
tion for the pseudopotential, one can easily obtain a Backlund transformation for the
original non-linear evolution equation.

2. Modified Korteweg—de Vries equation

We consider the following form of the modified Korteweg-de Vries equation (Konopel-
chenko and Dubrovsky 1984):

4i = Gux — 644 (2.1)
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We assume there exists a pseudopotential u = u(x, t) such that
u,=F(u, q) (2.2a)
U = G4, g, 4x, Gxx)- (2.2b)
Then requiring u,, = u,, when (2.1) is satisfied, gives
F.G+F (4 —69°:) = G.F + G 4.+ Gy Gux + Gy Guns (23)

from which we obtain

G=Fqu+C(u,q,q,) (2.4)

C = —3F,q%+ (F.F,~ FF,)q.+ D(u, q) (2.5)

F=13x,(u)q*+ x,(u) g+ x5(u) (2.6)
along with

[x1,%]=[x;,x;]=0 (2.7)

where x; (i=1,2,3) are functions of u only.
Here, and throughout this paper

[X, Y]=X,Y XY, (2.8)
and moreover:

[F.[F, F,]1=6F,4’+D, (2.9)

[F, D]=0. (2.10)

From (2.7), we have the following two choices.
Case (a): x; #0, x,=A,x;, x3= A;Xx,, A, = constant (j =2, 3)
Case (b): x,=0.
Since case (a) leads to trivial pseudopotentials, we have from (2.6), (2.9) and (2.10) that

F=xq+x, (2.11)

D =-2x,4" =[x, [x, x:119° = [x3, [x, x3]1q — x4(u) (2.12)
along with

[x;,x4]=0 i.e. x; = ¢,x5( ¢, = constant) (2.13)

2(=2+3x5 = xox5)[ X3, X3]+ XX X3 = x%,x7) =0 (2.14)

(3523 — x3x5 — X3X5)[ X5, X3 ]+ X,%3( x5 x5 — x,x5) =0 (2.15)

(cat x5 —2x3x0)[ x5, X3]+ x2(x Vx5 — x,x7) =0. (2.16)

Here, and throughout this paper,
xi(u)=dx;/du i=1,23, 4. (2.17)
Now (2.2) will be of a Riccati type if

x¥(u)=x5{(u)=0. (2.18)



Lax equations and Bdcklund transformations 75

Finally, from (2.14)-(2.16) we obtain

xau)= -2 Lor ) (2.19)
¢ 4c,
cs (byu+b,)?
_Ca (DU D) 2.20
x3(u) b, ab, (2.20)
_ 2 2
u=~M+4—bﬁ (2.21)
4c; ¢y

where ¢; and b; (i=1, 2) are arbitrary constants.
Among the choices that we have, assume b, = ¢, =0, b; =4\, ¢, = —4A. Then (2.2)
becomes

U =[(1-A%u?)g+1+A%u?]/A (2.22a)
U, =[(1-A2%1u%) g +4Aug, - 2(1 - A 2ud)q’
=21+ A%u?)g* —4(1-A2%uP)g—4(1+A%u?)]/A (2.22b)

where A represents the spectral parameter.
Now if we introduce the linearising transformation

u=o/v: (2.23)
we obtain the following Lax equations in the AkNs form (Ablowitz and Segur 1981):
V.=AV (2.24a)
V=BV (2.24b)

where
Y= (Z> (2.25)

+
A=<A2(;—1) qol>% (2.26)
274 ~(—qu+2q°+2¢>+4g+4)\ 1

=(x\z(qxx—2q3+2qz—4q+4) ~2Aq, )X' (2.27)

Alternatively, another solution g* of (2.1) will have a pseudopotential u* such that
from (2.22a)

uf=[(1=A*u*)g*+ 1+ A*u*?)/ 1%, (2.28)
If we assume

ut*=-uy and A=) (2.29)
then, substituting in (2.28), we obtain

ue=[—(1-2%u?)g* - (1+1%u?)]/A. (2.30)
Combining (2.22a) and (2.30) gives

q+q*=-2 cosh(J(q—q*Mx) (2.31)
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the spatial part of the well known Bédcklund transformation for (2.1). Note that from
(2.22a) the relation between the pseudopotential u and the eigenfunction ¢ of the
operator L in Konopelchenko and Dubrovsky (1984), if A =1, is found to be

Y=y

u=———

U/

with the corresponding eigenvalue being equal to —1.

(2.32)

3. Harry Dym equation

We consider the following form of the Harry Dym equation (Calogero and Degasperis
1982):

9 =9 Genr- (3.1)

The equations satisfied by the pseudopotential u are in the form (2.2). By the same
method developed in the previous section, we obtain

F=—%x2(u)q'2—x3(u) (3.2)
G =Fq’ g+ C(u, ¢, 45) (3.3)
C =(F.F,~ FF)q’q:+ D(uq) (3.4)
D =3[x,, [%2, X3]1¢7" = [x3, [x2, X311 + x4(ut) (3.5)
along with
[x2, xa]=[x3,xs]=0 (3.6)
x(u)=(cu+c,)? (3.7)
x3(u) = (byu+b,)’ (3.8)
where b, and ¢; (i =1, 2) are arbitrary constants. If we make the choice ¢;=—A, ¢, =1,
b, =A/v2 and b,=1/+2, then (2.2) becomes
= =4(1-Au)q 2= }(1+ Au)? (3.9a)
= (1= AU) G = 20 (1 = A7) g +20%(1 = Au)?q ™"+ 2A%(1+ Au)’q (3.95)

where A is the spectral parameter.
By means of the transformation (2.23), we obtain the Lax equations (2.24) with:

-A(1-97%) —(1+q_2)>
A=1<
AX(1+qD) A(1-g7) (3.10)
B=< “Mgu+207q7 =207g)  gu+2Aq.+207g 7 +24%
_'\z(qxx+2)\qx+2/\2q'1+2,\2q) )\(qxx+2)\2q_l—2)\2q) (3.11)

Alternatively, from (3.9a) if we look for a solution ¢g* of (3.1) corresponding to u* = —u
and A*= -, then we find

2
(Q*)_2+q_2=—2(1—%)tJ[(q*)"z—q“z] dx) (3.12)
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the spatial part of a Biacklund transformation for (3.1). Note that the relation between
the pseudopotential u and the eigenfunction ¢ of the operator L (Konopelchenko and
Dubrovsky 1984) is found, if A =1, to be

__ Y- (3.13)
Y+,
with the corresponding eigenvalue being equal to —1.
4. Kaup-Kupershmidt equation
We consider the following equation (Kaup 1980b):
4 = Goxoxx T 5qGee T 5 xGxx T 567 (4.1)
The pseudopotential u will satisfy:
ux=F(u9 q) (4.20)
U = G(U, 4, Gx; Goxs Gorrs Grvrx)- (4.2b)
By the usual method, we obtain
F=(cu+c)’q+1/4c; (4.3)
cu+c 9(c,u+c,)? 1
G= + : xrxx—(¥> xxx <_l—’ +t-— + + *q3
(eyu+c;)7gs, 2, > 1t35) I 4(ciu+cy)qy
cu+c 2
—2(]—2) 4q.+ (cu+ 2)’q* + - (4.4)
Cl 4C1

where ¢; (i =1, 2) are arbitrary constants. If we choose ¢, = A and ¢, =0, (4.2) becomes

U= Au*qg+1/4r% (4.5a)
Uy = AU Qo — TG + GATUPG + 1/807) g +4X 70 g% — 2ugq, + A0’ q* + g7/ 407

(4.5b)

where A is the spectral parameter. Using (2.23), the Lax equations are given by (2.24)

with
0 1 /4/\2>
A= 4.6
=< ~(gun/ 4+ 945) (qxx/2+q2)/4A2) @)
A (o +999/2497+ ¢ Go/4+ 44, '

Alternatively, from (4.5a), choosing g* to be another solution of (4.1) such that u*=—u
and A* = —A, we obtain the following spatial part of a Backlund transformation for (4.1):

q+q*=—é<J <q—q*)dx>~. (4.8)
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5. Sawada-Kotera equation

We consider the following equation (Sawada and Kotera 1974):
41 = Qe ¥ 5G0xe T 534G + 5474 (5.1)
The pseudopotential u will satisfy (4.2) being:
F=(cu+tc)q+l/c: (5.2)
G = (et + ) G = (2/ ) C1U + €2) Gux +[3(r8 + €2)°q +2/ 1] e
+(qu+c)qi—(2/c)(ciu+e)qq. +(ciu+c)’q* + ¢/ 3 (5.3)

with ¢; (i=1,2) arbitrary constants. Assuming ¢, =A and ¢, =0, (4.2) becomes

u, =Autg+1/A2 (5.4a)

Uy = AU G = 20U + (3A70PG +2/ A7) g+ APUP G — 2uqq, + A Pu g + g7/ A
(5.4b)

From (5.4), the Lax equations are given by (2.24) with
0 1/)\2>
A= 5.5
(o, 5
=< ~ (G + 495 (2qxx+q2)/)\2) (5.6)
AN G T390t 42+ 47 Gun T 44,

Alternatively, by means of (2.29), we obtain from (5.4a)

q*+q=—%<f (q*—q)dx> (5.7)

the spatial part of a Bicklund transformation for (5.1).

6. Final comments

The results of §§ 2-5 have displayed a procedure to obtain Lax equations and Backlund
transformations for non-linear evolution equations using the concept of pseudopoten-
tials associated with the properties of the Riccati equations. Other Lax equations and
Bicklund transformations could be exhibited by means of different choices of the
arbitrary constants. It is left as an exercise for the diligent reader to find the time part
of the Backlund transformations (2.34), (3.13), (4.8) and (5.7). Note that the transforma-
tion (2.29) could be considered a gauge-like invariance transformation.
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